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Abstract 
In this paper we apply the s* statistic, aimed  to measure the inter-rater agreement between observers in case of ord inal variab les , 
to the evaluation of the quality of University courses . The objective is to measure the inter-rater agreement between students, 
along with their satisfaction, in order to verify the consistency of judgments expressed by independent observers. s* is a 
modification of a previously proposed index, which avoids the problem of paradoxes of Cohen’s and Fleiss’ kappa statistics. We 
present the s* index from both a descriptive and an inferential point of v iew. In  particular, as far as statistical inference is 
concerned, we show that s* is a biased estimator of the inter-rater agreement in the population and, under the null hypothesis of 
inter-rater agreement by chance, s* is asymptotically normally distributed.  
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1. Introduction 
As for the accreditation  of academic courses, Italy has been adapting to European standards. The ANVUR (Nat ional Agency for 
the Evaluation of the University System and Research) has been aligning to numerous other agencies created immediately after 
the Bergen agreements of 2005 (Bergen Communiqué http://www.processodibologna.it/). The accreditation process has had its 
official launch in the academic year 2013-14, according to the criteria, indicators and benchmarks provided by the same ANVUR 
(http://www.anvur.org/), with particular attention to questionnaires designed to detect the satisfaction of undergraduate and 
graduate students on certain aspects of teaching. Questionnaires are the ideal instrument to deal with concordance; in fact, in this 
context, the examiners are students, the objects to be examined are the items of a questionnaire that students are requested to rate, 
and the categories are the possible modes of response.  
The objective of this paper is to apply  a measure of concordance, along with a satisfaction index, in  the framework of the 
evaluation of University courses. As a matter of fact, we aim to measure the concordance in the judgments given by the students: 
if this concordance is weak, there is a dispersion of judgments; in the case the concordance is strong, i.e., the students generally 
agree, the answers are in  the same direction, either towards satisfaction or towards dissatisfaction. Hence, a measure of 
satisfaction can be associated with an appropriate index of concordance; this can be useful in order to verify the consistency of 
the judgments expressed by independent observers.  
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As a measure of concordance, we will introduce a weighted version of the s statistic (Quatto, 2004; Falotico & Quatto, 2010), 
which has been put forth as an alternative to the kappa statistic, known as Fleiss’ kappa (Fleiss, 1971; Fleiss et al., 2003) that had 
been proposed as an appropriate version of Cohen’s kappa statistic (1960), in the case of mult iple observers .  
In particular, in Sect ion 2, we’ll describe the s* statistic (Marasini et al., 2014), which is a suitable generalization of s. First, s* 
can deal with both nominal and ordinal variables; second, s* keeps into account the possibility of a different number o f observers 
for each row of a dataset.  In Section 3, s* has been studied in terms of inference, as far as both estimation and hypothesis testing 
is concerned. This is a methodological section, which presents a discussion of original results with respect to statistical inference. 
Section 4 deals with an application on the data of an Italian University regarding students’ assessment of two Bachelors, during 
the academic year 2012-13. The last paragraph is dedicated to a brief conclusion. 
 
2. The s* statistic 
It is worth noting that we consider the framework of the evaluation of University courses. Therefore the s* statistic will be 
treated in this particular area, where observers are students who rate items of questionnaires on a predetermined scale. Under th is 
premise, suppose that the generic questionnaire administered to ࢔࢏  students consists of N items, for which M categories 
‒identified with the first M integers‒ are possible, according to the following Table  1: 
 
     Table 1. ݊ students have been asked to evaluate the quality of N academic courses on an M-dimensional scale. 
 1 … j … M Total 
1 ݊ଵଵ  … ݊ଵ௝ … ݊ଵெ  ݊ଵ  
… … … … … … … 
i ݊௜ଵ  … ݊௜௝  … ݊௜ெ  ݊௜ 
… … … … … … … 
N ݊ேଵ  … ݊ே௝  … ݊ேெ  ݊ே 
       
 
where ijn  represents the number of students who have given answer j to item i (j = 1,…, M; σ ݊௜௝ ൌ ݊௜ெ௝ୀଵ ; σ ݊௜ ൌ ݊ே௜ୀଵ ). A pair 
of students is defined as concordant if they provide the same answer to a certain  item. Let’s consider item i : the possible 
concordant pairs are ൫௡೔ଶ ൯, among these ൫
௡೔ೕ
ଶ ൯ are concordant on category j. Let’s define pij (i =1,…,N; j = 1,…, M), such that: 
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identifies the probability that a pair of students is  concordant on category j. Consider ൫ெାଵଶ ൯ pairs of categories, it  fo llows that M 
pairs of the kind (j,j) are associated with σ ൫௡೔ೕଶ ൯
ெ
௝ୀଵ  pairs of students, while (j,k) pairs with j<k  (k = 1,…, M) are associated with 
൫௡೔ଶ ൯ െ σ ൫
௡೔ೕ
ଶ ൯
ெ
௝ୀଵ  pairs. In particu lar, since the categories j and k  are independent, to (j,k) are associated ݊௜௝݊௜௞  pairs of students, 
so that the probability that two students are concordant on the pair (j,k) is given by: 
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It follows that every possible pairs of students are associated with every possible pairs of categories. 
Suppose now to associate to (1) and (2) weights  ݓ௝௝  and ݓ௜௞  varying between 0 and 1 (Abraira et al. 1999). Since weighting is 
used in order to express in mathemat ical terms  various levels of agreement among different pairs of categories, it seems 
reasonable to define ݓ௝௝ ൌ ͳ, (j=1,…,M), so that, for i =1,…,N : 
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and 
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represents the mean probability. The (4) should be compared with the similar mean probability ݌ҧ௘כ that there would be under the 
presence of chance, i.e., in case the choice of one of the M responses was scored by each student on a random basis, and not as a 
consequence of a personal evaluation. Following Quatto (2004), the probability that a student randomly responds j to item i can 
be conceived as 1/M, and it follows: 
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as it will be shown in the next paragraph with Equation (13). 
The s* statistics (see Marasini et al., 2014), which measures the strength of concordance, is obtained comparing ݌ҧ כ with ݌ҧ௘כ in the 
following terms: 
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The (6) is the weighted version of the s statistic where, fixed ݓ௝௝ ൌ ͳ, the weights jkw are equal to 0. 
We define the weights in the ordinal case as: 
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which generalizes the absolute error weigths (r = 1) and the square error weights in (7) with r = 2 (Cohen, 1968; Light, 1971; 
Fleiss, 1971). In the present paper we’ll consider r = 1; in this case, Equation (4) and (5) are expressed by: 
 
¦ ¦¦ 
   
»¼
º«¬
ª

 
1
1 11 1
1
)1(
12*
M
j
M
jk
ikij
N
i ii
nn
M
kj
nnN
pp       (8) 
 
and 
 
M
M
M
kj
M
pp
M
j
M
jk
ee 3
12
1
12
1
1 1
2
*  »¼
º«¬
ª

 ¦ ¦
  
      (9) 
 
where ݌ҧ  and ݌ҧ௘  in (8) and (9) are, respectively, given by: 
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and 
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is the s statistic proposed by Quatto (2004). It is worth noting that the weights are higher for adjacent than for distant categories; 
as a matter of fact the pair ሺͳǡ ܯሻ has weight equal to 0. 
Berry & Mielke (1988) proposed a list of desirable properties for a measure of concordance. To these properties, we can add 
the following two properties : (i) in the case of ordinal variables, the min imum of the measure should be achieved when the 
frequencies are entirely concentrated in the first and in the last categories (maximal ordinal dispersion); (ii) this measure should 
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achieve its maximum in the case all the responses are concentrated in one category. It is interesting to note that, in the nominal 
case, the minimum should be achieved in  case of equi-d istribution across categories (maximal nominal dispersion). Using the 
Lagrange multip liers it  can be shown that the s* index satisfies both properties (i) and (ii) (for details, see Marasin i et  al., 2014). 
In fact, in the first case: 
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and, in the second case, ݌ҧ כ ൌ ͳ. Hence, s* is defined in the interval: 
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3. The s* statistic from an inferential point of view 
The s* statistic can be interpreted as an estimate of an unknown measure of concordance 9  in  the population of students, for 
instance, students enrolled in a certain Bachelor. Such measure can be conceived considering the observed concordance, i.e., 
തܲ כ ൌ ଵ
ே
σ ௜ܲכே௜ୀଵ , where ௜ܲכ can be built according to the (3), keep ing into account the real size o f the population; from തܲ כ the 
concordance due to chance, built according to (5), has to be subtracted, obtaining a form of the type (6). In particu lar, defin ing 
with ܣ௜  and ܣ௜௝  the number of students  in the target population who have responded to item i and the number of students who 
have responded j to item i , it follows: 
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To calculate the expected value of s*, it  can be observed that the i-th row of Table 1 can be conceived as a mult inomial t rial with 
parameter vector ሺ݊௜ ǡ ߠ௜ଵ ǡ ǥ ǡ ߠ௜௝ ǡǥ ǡ ߠ௜ெ ሻ (i =1,…,N ), with ߠ௜௝ ൌ
஺೔ೕ
஺೔
. Under the multinomial hypothesis the expected value of 
Equation (3) is given by (see Marasini et al., 2014): 
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The previous expected value can be obtained through straightforward algebra, considering the second -order moments ܧ൫݊௜௝ଶ ൯ of 
the random variables ݊௜௝  (representing the number of students who have rated j to item i) and from the mixed moments 
ܧ൫ ௜݊௝ ݊௜௞൯ of the variables ݊௜௝  and ݊௜௞  (where the latter indicates response k  to item i). It fo llows that: 
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Let’s now calculate (12) under the effect of chance: this situation can be interpreted by a multinomial model with parameter 
vector ሺ݊௜ ǡ
ଵ
ெ
ǡ ǥ ǡ ଵ
ெ
ሻ. It immediately fo llows from (12): 
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in agreement with (5), which represents concordance due to chance.  
It follows that the expected value of s* is given by:  
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which, compared  with the (11), is a b iased estimate of 9 . It is worth noting that the bias associated with (14) decreases when the 
number of students in the target population who have responded j to item i increases (see Equation (11)).   
As far as testing of statistical hypotheses is concerned, the hypothesis  of action of chance to be tested is given by: 
 
0:0  9H            (15) 
 
which, keeping into account (13) and (14),  can be expressed by: 
 > @ 0*: 00  sEH           (16) 
 
Let’s now identify the d istribution of the s* statistic under 0H . We propose two methods, for the latter of which it is required 
that the number N of items is large enough.  
The first method uses Monte Carlo  simulat ions: N mult inomial random variab les are simulated for B  times, and the s* statistic 
is calculated, so that the B values *1s , …, 
*
Bs  lead to s*, whose distribution law is the empirical distribution function. The second 
method studies the convergence of s* to a normal distribution function with zero mean. The proof of the convergence to the 
Normal random variable is a bit laborious  and the expression of the variance is very complicated (see Marasini et al., 2014).  
To test the hypothesis in (15), it should be noted that, if (6) takes values in a neighborhood of 0, the concordance can be 
considered due to chance; if it  is greater than 0 and takes values close to 1, we can assume the existence of agreement; if it  takes 
smaller values than 0 and near the lower bound of (10), we can assume discrepancy in decisions between students. Therefore, 
this control can be realized with a one-sided test, leading to the acceptance or rejection of the effect of concordance by chance. 
For a fixed ߙ and an observed value ݏǁכ of ݏכ, the p-value can be calculated: 
 
ܲሺݏכ ൒ ݏǁ כȁܪ଴ሻ ൌ ݌          (17) 
 
rejecting the null hypothesis in (15) if ݌ ൑ ߙ. As previously stated, the null distribution of ݏכ , defined in Equation (17), can be 
calculated by Monte Carlo simulations, or by asymptotic approximat ion.  
Under a general hypothesis, the distribution of s* can be identified  using the percentile bootstrap method, i.e ., by resampling 
B times with replacement the N  values (3), and calculat ing each time the (6). The combination of these new B values leads to the 
bootstrap distribution of the s* statistic, and therefore, at the level ሺͳ െ ߙሻ , we can identify  the two percentiles of order ߙȀʹ and 
ሺͳ െ ߙȀʹሻ, thus determin ing a confidence interval for 9 . Moreover, also t-bootstrap confidence intervals can be calculated; we 
considered this technique since it is second order accurate (see Shao & Tu, 1995, p. 146). In particular, the interval can also be 
conceived as a bidirectional test of significance for the hypothesis (15). 
 Let’s now further comment the choice of considering the multinomial model. It can be observed that an alternative 
model would have been that of considering a multivariate hypergeometric random variable. As a matter of fact, the students 
represent a sample without replacement from the target population. However, under this alternative hypothesis, it is still the case 
that the estimator ݌ҧכ given by (4) is biased. In fact: 
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which is different from തܲכ  in Equation (11). From Equation (18), it  follows: 
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To verify (18), in the case of the multivariate hypergeometric distributions with parameter vector ሺ݊௜ Ǣ ߠ௜ଵܣ௜ ǡ ǥ ǡ ߠ௜ெܣ௜ Ǣ ܣ௜ሻ for 
݅ ൌ ͳǡ ǥ ǡܰ , we have  
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and  
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in agreement with Equation (18).  
 
In particular, under the null hypothesis  
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as in (19).  
From one hand, it can be easily noted that Equation (19) depends from the size of the population of students who have responded 
to each item and this condition would limit the calculation of concordance due to chance in the sample. From the other hand, the 
multinomial model approximates the multip le hypergemetric model for large ܣ௜ . 
 
4. An application 
We considered the evaluation questionnaires, composed of 19 items, compiled by the students of two University courses of an 
Italian University. For the purposes of this application, we have only considered the question "Are you satisfied of the teaching 
quality of this course?", which has been taken into account for each of the courses  that have been evaluated by ݊ ௜  students. We 
observe that in many applications involving the evaluation questionnaires of students, the previous question is taken in to 
consideration, as a question of synthesis for the evaluation of the entire  academic course. The possible ord inal response 
categories are four (Decidedly no: “Decisamente no”, More no than yes: “Più  no che sì”, More yes than no: “Piu sì che no”, 
Decidedly yes: “Decisamente sì”), expressed into the first four integers  of a Likert scale.  
The Bachelor 1 during the academic year 2012-13 was composed by 23 courses , 10 of which are shared with Bachelor 2, 
which instead is composed by 24 courses. Shared courses between Bachelor 1 and 2 are fundamental and basic courses; therefore 
they are attended by a larger number of students than those that characterize each  of the degree programs. W ith respect to Table 
1. for Bachelor 1 we have N = 23 and n = 1059, while in Bachelor 2 we have N = 24 and n = 579; moreover, M = 4 for bo th 
Bachelors.  
As far as item i  is concerned, we introduce a classical satisfaction index (see Marasini & Quatto, 2011), representing a 
weighted mean of the values of the scale, and taking values on the interval ሾͳǡܯሿ: 
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i
ij
ij n
n
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    The satisfaction index SI is obtained as a mean of the satisfaction index calculated for each item (weighted by the relative 
frequency of raters).  
Table 2 shows the values  of SI; s*, the bootstrap confidence intervals at level ͳ െߙ ൌ Ǥͻͷ with the percentile method, the t-
bootstrap confidence intervals , the p-value at level ͳ െ ߙ ൌ Ǥͻͷ, calculated using the Monte Carlo  method, and the asymptotic p-
value. For both the calculation of the confidence intervals and the identification of the p-value with the Monte Carlo method, it 
has been fixed  B = 10,000, which  coincides with the nu mber of simulations in  the first case and with the number of resamplings 
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in the second case. 
 
Table 2. Satisfaction index (SI), s*, Bootstrap confidence intervals, Monte Carlo (MC) and asymptotic p-values, in the case of the Bachelors 1 and 2.  
   95% Percentile 
bootstrap CI 
95% t-bootstrap 
CI 
  
 SI s* inf sup inf sup MC p Asymp p 
Bachelor 1 2.79 .43 .35 .52 .34 .55 <.005 <.005 
Bachelor 2 3.04 .54 .46 .62 .44 .65 <.005 <.005 
 
Bootstrap intervals obtained with the two methods lead to similar values, with larger interval for the t-bootstrap than for the 
percentile bootstrap. An examination of the bootstrap intervals shows that the null hypothesis of the action of chance can be 
rejected, since this interval does not include the value of 0; a  similar conclusion can be drawn from an examination of the last 
two columns that show the results of a unidirectional test, which indicates that the hypothesis of action of chance can be rejected, 
and this leads to accept the presence of concordance. In both courses the concordance is high, which enforces a satisfaction index 
that can be adopted to synthesize satisfaction. 
We deepened our analysis by calculating the same parameters on all the courses shared between Bachelor 1 and 2, regarding 
Mathematics, Computer Science and Statistics. Furthermore, we considered those courses primarily related to Economic  
Statistics and Economics for Bachelor 1; Demography and Biostatistics for Bachelor 2, obtaining the results shown in Table 3. 
 
Table 3. Satisfaction index (SI), s*, bootstrap confidence intervals, Monte Carlo (MC) and asymptotic p-values, in the case of degree 
courses in Bachelor 1 and 2, according to the courses and lessons shared between the two Bachelors and the specific courses of each 
Bachelor (Economic Statistics and Economics for Bachelor 1; Demography and Biostatistics for Bachelor 2). 
   95% Percentile bootstrap CI 95% t-bootstrap CI   
 SI s* inf sup inf sup MC p Asymp p 
Bachelor 1         
Shared courses 2.83 .44 .38 .48 .39 .48 <.005 <.005 
Specific courses 2.83 .44 .33 .56 .32 .59 <.005 <.005 
Bachelor 2         
Shared courses 2.83 .44 .38 .48 .39 .48 <.005 <.005 
Specific courses 3.21 .56 .45 .67 .41 .71 <.005 <.005 
 
It should be noted that the group of shared teachings has the same measure of concordance, since the questionnaires have not 
been differentiated between Bachelor 1 and  2. The situation is very  similar to the prev ious one: in  all cases the concordance is a 
bit higher for courses in Bachelor 2 than for Bachelor 1, which reinforces the intensity of satisfaction expressed by students for 
course units. However, it  should be noted that the number of students is considerably larger in Bachelor 1 than in Bachelor 2, 
which may  create a greater variability of judgments, resulting in a lower agreement. In  both cases, the hypothesis of action of 
chance is rejected both with the bootstrap intervals and with the unidirect ional p-values (see the last two columns in Tab le 3). 
       In the context of the University evaluation, sometimes the use of statistical models could be hard to be understood by non-
statisticians (e.g., the management or the admin istrative staff). Consequently, in our op inion, in this framework, adopting a single 
value expressing a satisfaction measure can be more appealing than a detailed output of statistical modelling. From an applied 
point of view, s* can be intuit ively helpful in order to understand how much the judgments given by the students are dispersed 
and how much they are due to chance. 
5. Conclusions 
The concordance in students responses to questionnaires is an important tool to be associated with different measures that 
could be used to synthetize  the assessment (e.g., satisfaction indexes). Therefore, we have proposed to use the s* statistic, which 
has a mathemat ical structure similar to that of other measures of agreement p roposed in the literature, where the observed 
concordance is normalized with respect to that due to chance. Starting from the s statistic, which, compared to the most known 
statistics proposed in the literature, considers a different expected agreement under the action of chance, the s*  statistic has been 
built (Marasini et al., 2014): s* generalizes the s statistic since it refers to a number of different examiners , i.e., students, for each 
item. Moreover it  takes into account the ordinal scale, weighting in a d ifferent way  the different pairs of categories: the weight is 
greater for pairs of ‘neighboring’ categories that indicate a h igher concordance than in pairs indicating ‘distant’ judgments. 
Moreover, the pair (1,M) is not kept into account. 
As far as statistical inference is concerned, it has been shown that s* is a  biased estimate of the analogous measure of 
unknown concordance existing in  the population, and that it  has a distribution that converges to that of a Normal random 
variable. The asymptotic distribution allows the verification of the hypothesis of responses due to chance. This fact is very 
important in the context of the assessment of students. Indeed, it is cred ible that some students respond randomly  in many 
questionnaires, as they are asked to compile a large number of items and they are not exposed to the consequences of their 
judgments and in this context the action of chance has been interpreted under an equi-distribution model. In the application, we 
have considered the evaluation questionnaires compiled by the students from two Bachelors of an Italian University; we 
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examined the question: “Are you satisfied of the teaching quality of this course?”. Our results point to an inter-rater agreement 
which can be interpreted as large enough; in the cases we’ve examined s* has indicated that the inter-rater agreement cannot be 
due to chance. A future direct ion of this paper will consider how the s* index works with few raters, and how does this index 
depend from the number of raters. Moreover, we shall consider different models of act ion of chance.  
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